We investigate the structure of the leading IR renormalon singularity in the QCD/HQET matching coefficients for heavy-light quark currents beyond the large-β 0 limit. From this result, we derive the large-order behaviour of the perturbative series for these coefficients, and for ratios of meson matrix elements, such as f B * /f B .
Introduction
The understanding of the structure of the perturbative series has advanced considerably over the recent years, see the review [1] . It became clear that perturbative series are at best asymptotic, not even Borel-summable. Based on an analysis of singularities in the Borel plane, one can obtain the behaviour of the perturbative series for large L, where L is the order of perturbation theory. The nearest singularity determines the leading asymptotic behaviour.
Most of the previous investigations use the large-β 0 limit, whose relation to the real QCD is unclear. At the first order in 1/β 0 , singularities in the Borel plane are simple poles. At the higher orders, they become branching points. However, there is an approach [2, 3] based on the renormalization group, which yields results with a real basis in QCD. Singularities in the Borel plane are branching points, whose powers are determined by the relevant anomalous dimensions, but normalization factors cannot be calculated.
Effective field theories make use of the fact that a large scale is present, and physical quantities can be expanded in inverse powers of this large scale. In Heavy Quark Effective Theory (HQET, see the textbook [4] ), this scale is the heavy quark mass m. Renormalon singularities in HQET were investigated in [5, 6] . Unlike in QCD, the HQET heavy-quark self-energy has an UV renormalon at positive u, namely u = 1 2 , which leads to an ambiguity in the residual mass term.
A typical matrix element in the full theory, QCD, is expanded in 1/m:
(see (2.8)), with short-distance matching coefficients C, B i ,. . . and long-distance HQET matrix elements <>, <O i >,. . .
The QCD matrix element <j> contains no renormalon ambiguities, if the operator j has the lowest dimensionality in its channel. 1 In HQET, we separate short-and long-distance contributions. In schemes without strict separation of large and small momenta, such as MS, this procedure artificially introduces infrared renormalon ambiguities in matching coefficients and ultraviolet renormalon ambiguities in HQET matrix elements. When calculating matching coefficients C,. . . , we integrate over all loop momenta, including small ones. Therefore, they contain, in addition to the main short-distance contributions, also contributions from large distances, where the perturbation theory is ill-defined. They produce infrared renormalon singularities, factorially growing contributions to coefficients of the perturbative series, which lead to ambiguities ∼ (Λ QCD /m) n in the matching coefficients C,. . . Similarly, HQET matrix elements of higher-dimensional operators <O i >,. . . contain, in addition to the main large-distance contributions, also contributions from short distances, which produce ultraviolet-renormalon singularities. They lead to ambiguities of the order Λ n QCD times lower-dimensional matrix elements (e.g., <>). These two kinds of renormalon ambiguities have to cancel in physical full QCD matrix elements <j> (1.1) [7, 8] .
Although this has been shown explicitly only in the large-β 0 limit, it is assumed to hold beyond this approximation. Based on this assumption, one may obtain additional information on the structure of the infrared renormalon singularities of matching coefficients, based on ultraviolet renormalons in higher-dimensional matrix elements, which are controlled by the renormalization group. This model-independent approach was applied to some simple HQET problems: the heavy-quark pole mass [9] and the chromomagneticinteraction coefficient [10] .
In the present paper, we investigate heavy-light quark currents. The asymptotic behaviour of the perturbative series for the leading QCD/HQET matching coefficients (due to the nearest infrared renormalon) was studied in [7, 11, 12] 2 in the large-β 0 limit. Here we go beyond this approximation, by using the renormalization-group based method. The results on 1/m expansions of QCD heavy-light currents are collected in Sect. 2. We show that the asymptotic behaviour of the perturbative series for the matching coefficients for all currents follows from just four distinct cases, two spin-0 currents and two spin-1 ones. These cases are considered in Sects. 3 and 4 in detail. Ratios of meson matrix elements, such as f B * /f B , are given by the ratios of the corresponding matching coefficients at the leading order in 1/m. The asymptotics of the perturbative series for this ratio is discussed in Sect. 5 . The large two-loop correction in this ratio was observed in [11] ; here we present model-independent results for higher orders which continue this trend.
Heavy-light currents in QCD and HQET
Heavy Quark Effective Theory (HQET, see the textbook [4] ) has greatly advanced our understanding of many problems in heavy quark physics. Its Lagrangian is [13, 14, 15] 
1)
where h v = / vh v is the heavy-quark field, and
. Due to reparametrization invariance [16] , the kinetic-energy operator O k is not renormalized, and its coefficient is unity to all orders in perturbation theory.
The chromomagnetic-interaction coefficient C m (µ) can only be computed perturbatively, by matching the amplitudes of an appropriate scattering process in QCD and HQET. Solving the renormalization-group equation, we obtain
where α s (µ) is the QCD coupling with n l light flavours in the MS scheme,
The anomalous dimension of the chromomagnetic operator O m is [14, 15, 17, 18] 
The full one-loop correction to C m has been calculated in [14] , and the twoloop correction in [18] . It is convenient to choose
We have (see [10] )
Operators of full QCD are expanded in 1/m; coefficients of such expansions are HQET operators with appropriate quantum numbers. In the present paper we shall consider heavy-light quark currents
, where Γ is an antisymmetrized product of n Dirac γ matrices
which commutes or anticommutes with / v:
is the QCD coupling with n f = n l + 1 flavours. At the leading order in 1/m, we have only a single HQET current  0 =q 0 Γh v0 =Z(α s (µ))(µ), while to subleading order in 1/m we get
The solution of the renormalization-group equation for
Here K ′ involves the n f -flavour β-function β ′ . The anomalous dimensions of  and j arẽ γ = −3C F α s 4π (2.10)
where n is the number of γ matrices in Γ (2.7) (of course, the anomalous dimension of the vector current vanishes to all orders). The anomalous dimensionγ [19, 20, 21, 22] of the HQET current does not depend on Γ (the three-loop term can be found using the method of [23] ). The anomalous dimension γ ′ Γ of the QCD current is known to two [11] and three loops [24] . The full one-loop corrections to C Γ (m, m) were obtained in [13] , and two-loop ones in [11, 25] . The renormalization-group invariantsĈ Γ are given by perturbative series in α s (µ 0 ): 12) differ starting from two loops. In HQET, both currents have the same anomalous dimensioñ γ, and hence the corresponding renormalization factor is unity. Therefore,
is just a Lorentz rotation, and does not change the anomalous dimension. Therefore, qσ αβ γ
There are 8 different Dirac matrices Γ (2.7) in 4-dimensional space. For our investigation ofĈ Γ , we can restrict ourselves to 14) because the other 4 matrices can be obtained from (2.14) by multiplying by γ
The 1/m term in the expansion (2.8) was first investigated in [28] , where the one-loop anomalous dimension matrix of dimension-4 operators O i was found. The full one-loop corrections to B i for vector currents (and axial currents with anticommuting γ 5 ) were given in [29, 30] . Some general properties of the matching coefficients B i and the anomalous dimension matrix of O i following from reparametrization invariance and equations of motion were established in [30] , and the two-loop anomalous dimension matrix was calculated in [31, 32] .
The sum in (2.8) includes the bilocal terms [33] originating from the insertion of the subleading terms of the Lagrangian (2.1)
The states |B>, |B * > in HQET matrix elements will be understood as the eigenstates of the leading HQET Hamiltonian with m = ∞; they are mindependent.
The terms in the sum with the derivative acting on the heavy-quark field can be obtained from reparametrization invariance [30] .
. It can be decomposed into the parts commuting and anticommuting with / v:
The matrix element of the renormalized QCD currentqΓQ from the heavyquark state with momentum mv to the light-quark state with momentum 0 is
In this equation, we may substitute v → v + k/m:
, we obtain the leading term (2.16) plus
Therefore, theqDh v terms in the sum in (2.8) are
The coefficients of operators with the derivative acting on the light-quark field are not determined by general considerations. These coefficients appear first at the one-loop level. We calculate the matrix element of the QCD current from the heavy quark with momentum mv to the light quark with momentum p (with p 2 = 0), expanded in p/m to the linear term, and equate it to the corresponding HQET matrix element. In HQET, loop corrections contain no scale, and hence vanish (except, possibly, massive-quark loops, which first appear at the two-loop level). The QCD matrix element is proportional tō u(p)Γ(p, mv)u(mv), where Γ(p, mv) is the bare proper vertex function. At one loop, it is given by Fig. 1 .
If we assume nothing about properties of Γ, then the term linear in p has the structurē
The coefficients x i can be obtained, by solving a linear system, from the double traces of Dirac matrices to the left from Γ withL j and those to the right from Γ withR j , withL
ρ . Now we can take these double traces of the integrand of Fig. 1 , and express x i via scalar integrals. Their numerators involve (k · p) n ; putting k = (k · v)v + k ⊥ and averaging over k ⊥ directions in the (d − 1)-dimensional subspace, we can express them via the factors in the denominator.
Now we assume
For our Γ matrices (2.7),
Then (2.18) becomes
Performing the simple calculation, we obtain
where
.
The zeroth-order coefficient c Γ has been found in [13, 11] ; the first-order coefficients for components of the vector current in [29, 30] .
We have checked these results by taking the trace of the whole integrand of Fig. 1 with (1+/ v)/ p and calculating the integrals.
We have checked these results by taking traces of the integrand with (1 + / v)p α / p and (1 + / v)γ α / p. An additional strong check is provided by the Ward identity: contracting the vertex function Γ α (p, mv) (for Γ = γ α ) with the momentum transfer (mv − p) α , we obtain
where Γ(p, mv) is the scalar vertex (for Γ = 1), and Σ is the heavy-quark self-energy. At the first order in p, this leads to
Our results (2.22) satisfy this requirement.
In order to investigate the asymptotic behaviour of the perturbative series (2.12), we consider its Borel transform
Formally one can invert this transformation and getŝ
However, if S Γ (u) has singularities on the integration contour (which is the positive u axis), then the integral (2.25) is not well-defined, and the series (2.12) is not Borel-summable. To deal with this singularities some prescription is needed, leading to ambiguities inĈ Γ .
In the large-β 0 limit [11] ,
(the results for the components of the vector current were obtained in [7] ). Expanding this S Γ (u) in u reproduces leading large-β 0 terms in (2.12) (in particular, in c This leads to an ambiguity in the sum (2.25) of the series (2.12), the natural measure of which is the residue at the pole:
where Λ MS is for n l flavours. This is commensurate with the 1/m corrections in (2.8). It is convenient to measure all such ambiguities in terms of the UV renormalon ambiguity ofΛ [5] 
Then [11] ,
In the following Sections we shall see that beyond the large-β 0 limit S Γ (u) has a branching point at u = 1 2 rather than the simple pole (2.27). We use the method based on renormalization group, which will be explained in Sect. 3.
Spin-0 currents
In the case of the currents with Γ = 1, / v, the leading term in the expansion (2.8) contains =qh v , and the 1/m correction -four operators
From (2.15) and (2.17),
The anomalous dimension matrix of the dimension-4 operators (3.1) has the structure [30] 
The operators O 1,2 are renormalized multiplicatively withγ (this fixes the first two rows); the form of B 1,3,4 (3.2) fixes the columns 1, 3, 4. The mixing of the local operator O 2 into the bilocal operators O 3,4 is described by [32] (these anomalous dimensions are called γ in this paper)
The unknown coefficients B Γ 2 (µ ′ , µ) for Γ = 1, / v are obtained by solving the renormalization-group equations
v with one-loop accuracy, we write down the sum in (2.8) via the bare operators:
Taking γ k 0 + γ m 0 = 0 into account, we see that both b Γ should vanish at ε = 0. The O(ε) terms of (2.22) give [29, 30, 34 ]
An exact relation betweenB
2 can be derived. The QCD vector current and the scalar one are related by the equations of motion:
is the n f -flavour MS running mass, and (2.11) γ
⊥ and substitute the expansions (2.8) with (3.1), (3.2). The matrix element of (3.8) from the heavy quark with momentum mv to the on-shell light quark with momentum p reads
At the leading order in 1/m, this yields [11] 
At the first order, we obtain
Note that (2.23) is just the one-loop case of this general result. The one-loop results (3.7), of course, satisfy this requirement.
As discussed above, these results don't change if we replaceq →qγ AC 5 . Now the leading term is =qγ AC 5 h v , and the definitions of O i (3.1) are changed accordingly. We define the matrix elements
The HQET matrix elements are [35] 
(in [35] , G k and G m are called 2G 1 and 12G 2 ), where Λ = m B − m is the B-meson residual energy,
andF is µ-independent and is thus just a (non-perturbative) number times Λ
3/2 MS
. The hadronic parameters G k,m (µ) obey the renormalization-group equations
Their solution is
whereĜ k andĜ m are again µ-independent and thus are just some (nonperturbative) numbers times Λ MS .
Taking the matrix element of (2.8), we obtain
where Γ = 1, / v, and
Substituting the solutions of the renormalization-group equations, we arrive at the explicitly µ-independent expressions
At the next-to-leading order,
In the large β 0 limit, the leading short-distance coefficientĈ Γ in (3.19) has the IR renormalon ambiguity (2.29). If we change the prescription for calculating the integral (2.25) near u = 1 2 , we should adjust the hadronic parametersΛ, G k ,Ĝ m accordingly. The UV renormalon ambiguity ofΛ is given by (2.28) in this limit. The UV renormalon ambiguities of G k,m (µ) [7] 
are µ-independent. We can obtain them by a direct calculation, performing a similar analysis as in [10] , see Appendix A. In the large β 0 limit, we obtain from (3.16) and (3.20)
In the 1/m expansion for the meson decay constants (3.19), Γ = 1 and / v correspond to n = 0, η = −1 and n = 1, η = 1 in (2.29), and the IR renormalon ambiguities (2.29) are −(3/4)(∆Λ/m) and (1/4)(∆Λ/m). They cancel with the UV renormalon ambiguities of the hadronic matrix elements (2.28), (3.21) in the 1/m correction in (3.19) . In fact, the results (3.20) were first obtained [7] from the requirement of such cancellation for Γ = / v, γ ⊥ , by solving a system of two linear equations, and later confirmed [11] by considering all possible Γ (this gives three equations, thus providing a consistency check). Here we demonstrate the cancellation of renormalon ambiguities by a direct calculation.
This cancellation should hold also beyond the large β 0 limit. By dimensional arguments, the UV renormalon ambiguities of the µ-independent hadronic parametersΛ,Ĝ k ,Ĝ m must be equal to Λ MS times some numbers:
The normalization factors are unity in the large β 0 limit,
in general, they are just some unknown numbers of order one. Using
, we can represent the UV renormalon ambiguity of the 1/m correction in (3.19) as exp[−2π/(β 0 α s (µ 0 ))] times a sum of terms with different fractional powers of α s (µ 0 )/(4π).
3 In order to cancel this ambiguity, we should have the branching point
instead of a simple pole (2.27) (here S reg Γ (u) is regular at u =
2
). We define the IR renormalon ambiguity ofĈ Γ -generalizing the prescription to take the residue of the pole -to be the integral of (3.24) around the cut divided by 2πi:
The requirement of cancellation of the ambiguities gives 26) where
In the large β 0 limit, the formula (3.26) reproduces the known results (2.27), (2.29).
The asymptotics of c Γ L (2.12) at L ≫ 1 is determined by the renormalon singularity closest to the origin (see (2.24) ). At n ≫ 1,
and we arrive at
The result (3.28) is model-independent and the powers of n are exact. However, the normalization factors N i cannot be determined within this approach. The leading term at n → ∞ formally is the logarithmic term, because γ m0 is positive (see (2.4) ). At moderate values of n, all leading terms are of similar importance. The function S reg Γ (u) in (3.24) has singularities at u = 1 (IR) and u = −1 (UV), and thus gives exponentially smaller contributions with (±β 0 ) n instead of (2β 0 )
n .
The matrix element of (3.8) is
Substituting (3.17) (or (3.18)) and using the relation (3.10), we obtain
The ratio of the quark masses is given by (3.9). Naturally, it contains no 1/m corrections with B-meson hadronic parameters; it is just a series in α s (µ 0 ), see the Appendix B. The Borel image of this series is
, and the asymptotics of c These results are equivalent to [9] .
We can try to estimate the unknown normalization constant N 0 following [36, 37] . The functioñ
still has a singularity at u = − 0. The radius of convergence of its expansion in u is thus 1 2 , but the series should converge at u = The three-loop correction turns out to be large, which casts some doubt on this estimate of N 0 .
Spin-1 currents
In the case of the currents with Γ = γ 
Note that
3)
The anomalous dimension matrix of the dimension-4 operators (4.1) has the structure [30] 
The operators O 
(in the last formula, the running B Γ 3 (µ ′ , µ)/C Γ (µ ′ , µ) corresponding to the integration variable α s is understood).
To find B Γ 3,4 (m, m) for Γ = γ ⊥ , γ ⊥ / v with the one-loop accuracy, we write down the sum in (2.8) via the bare operators:
The values of b Γ,i at ε = 0 have to cancel these anomalous dimensions. The O(ε) terms of (2.22) give
The results for Γ = γ ⊥ were obtained in [29, 30] ; those for Γ = γ ⊥ / v are new. Using the one-loop anomalous dimensions, we get
We define the matrix elements
where e α is the B * -meson polarization vector.
The matrix elements of O α 1 and O α 3 are equal, due to (4.2). However, the formulae [35] for these matrix elements hold only at the leading order. Let's define
where R = 1 + O(α s ). It obeys the renormalization-group equation
Following [35] , we define
where O Γ 1 is defined in (C.1), M = B or B * , and M is the corresponding Dirac structure. If we take Γ = γ α Γ ′ , then
Taking into account (C.8) and
we obtain at the next-to-leading order
14)
The general result for R(α s ) can be derived by solving (4.12) and requiring the absence of fractional powers of α s (or by requiring that (4.14) is reproduced):
However, the formulae [35] for the matrix element of O α 6 hold only at the leading order. Following [35] , we define
where O m 3 is defined in (C.9). The B-meson matrix element G m (µ) (3.13) is, at the next-to-leading order (C.14),
For B * we define
where at the next-to-leading order (C.18)
It obeys the renormalization-group equation
Its solution (which contains no fractional powers of α s and reproduces (4.20) ) is
where Γ = γ ⊥ , γ ⊥ / v, and
Substituting the solutions of the renormalization-group equations, we arrive at the µ-independent expressions
At first sight, it is not obvious thatĈ Γ Λ does not depend on µ. However, differentiating it in log µ and taking into account the renormalization-group equations (4.5), (4.12), (4.21), we obtain zero. Therefore, the expression with µ = µ 0 can be used:
Comparing this with (4.25), we can rewrite B Γ 4 (µ ′ , µ)/C Γ (µ ′ , µ) in a form which seems different from (4.7) but is equal to it:
(to convince oneself that this is equivalent to (4.7), one can check that they coincide at µ = µ 0 , and that (4.27) obeys the renormalization-group equation (4.5).)
At the next-to-leading order, (1 ± 1) c
In the large-β 0 limit, the IR renormalon ambiguities ∆Ĉ Γ (2.29) for Γ = γ ⊥ , γ ⊥ / v (having n = 1, η = −1 and n = 2, η = 1) are (11/12)(∆Λ/m) and (5/4)(∆Λ/m). They cancel with the UV renormalon ambiguities of the hadronic matrix elements (2.28), (3.21) in the 1/m correction in (4.28).
The Borel images are
(see (3.27) ), and the perturbative coefficients at n ≫ 1 are
(see (3.29) ).
The ratiof T B * /f B * at the leading order in 1/m is given by the perturbative series in α s (µ 0 ) with 
(from the result in [11] , omitting the m c = 0 effect, and the three-loop anomalous dimension γ ′ σ of the tensor current [24] ). This ratio is, from (4.24),
Therefore, the Borel image of the perturbative series is
, and the asymptotics of c
Results and conclusion
Our main result is for the ratio of two (in principle) measurable quantities, f B * /f B . It is given by the perturbative series in α s (µ 0 ) with
T F .
(from [11] , omitting the m c = 0 effect). This ratio is, from (3.19) and (4.28),
The Borel image of the perturbative series is
The asymptotics of the coefficients is
Substituting the parameters, we have the perturbative series
The asymptotics (5.4) becomes 1 + 40157 3125000
Definite quantitative predictions cannot be made, because the normalization coefficients N 0,2 are unknown. To have some idea about the growth of the coefficients, we present them in Table 1 . The coefficients c L /4 L of α s (µ 0 )/π are given in three columns. The first column shows the exactly known ones (5.5).
The second column shows the results of the large-β 0 limit. The Borel image S f B * /f B (u) in this limit is, from (2.26),
Expanding it at u = 0 (2.24), we get
This limit reproduces c
and the β 0 -term of c
Finally, the third column shows the asymptotics (5.6) at N 0 = N 2 = 1. Let's stress once more that this is not the result of QCD, but simply a numerical illustration of the typical behaviour of the perturbative coefficients. The large-β 0 result includes not just the pole at u = 1 2 , but the whole function S f B * /f B (u) (5.7). In contrast to this, the asymptotics (5.6) is determined by the nearest singularity at u = 1 2 only, but includes all powers of β 0 , not just the highest one. To show the rate of convergence of the 1/n expansion (5.6), the asymptotic result is also expressed via the leading term and the 1/n correction. One can see that the accuracy of our next-to-leading order results at L 10 is not high. Finally, the last column shows the complete L-loop contribution to f B * /f B , according to (5.6) with N 0 = N 2 = 1. We use the value α s (e −5/6 m b ) = 0.299 obtained by RunDec [38] . The smallest contribution seems to be the 3-loop one, and it is about 4% (though this small value is due to a partial cancellation between the leading order and the next-to-leading one, and thus is not quite reliable). Therefore, calculation of this 3-loop correction is meaningful (and it is actually possible, using the technique of [39, 40] ), while there would be no sense in the 4-loop calculation. π 2 log 2 + Table 1 The perturbative series for 
The asymptotics (3. It depends on just one normalization constant N 0 . In the large-β 0 limit, from (2.26) we obtain [5] Numerical results are shown in Table 2 . For L = 3, the 1/(L − 1) expansion (5.9) seems to converge well; comparison with the exact 3-loop result from Appendix B suggests that the normalization factor N 0 is smaller that its large-β 0 value 1, namely, N 0 ≈ 0.27. This conclusion is in a qualitative agreement with the estimate (3.34), especially if we omit the problematic 3-loop correction in it. 
The asymptotics (4.34) becomes (this reproduces the terms with the highest powers of β 0 in (4.34)). Numerical results are shown in Table 3 .
If we neglect subleading α s corrections, then, from (4.32) and (3.31),
This equality also holds at the first order in 1/β 0 , to all orders of α s . Therefore, the ratio of the perturbative coefficients (5.12) and (5.9) is − 1 3 , up to corrections suppressed by 1/n and 1/β 0 . Similarly, if we neglect subleading α s Table 3 The perturbative series forf 
Therefore, the leading asymptotics of the perturbative series for f B * /f B (5.6) and m/m (5.9) are related by
The term with N 2 in (5.6) violating this relation is suppressed not only by (2β 0 n) −9/25 , but also by a small numerical factor 2 7 . This approximate relation was first noted empirically at the 2-loop level in [11] , with the exponent α = − u. The normalization factors N 0,1,2 cannot be found within this approach; they are some unknown numbers of order unity. Logarithmic branching is a new feature of this problem; it follows from the fact that the anomalous dimensions matrices cannot be diagonalized. A UV renormalon ambiguities in the large-β 0 limit Ultraviolet contributions to the matrix elements of O 3,4 are independent of the external states, and we may use quark instead of hadron states (see (3.13) ). By dimensional analysis, the UV renormalon ambiguities of the matrix elements of O 3,4 are proportional to ∆Λ times the matrix element of the lower-dimensional operator with the same external states. We consider transition from an offshell heavy quark with residual energy ω < 0 to a light quark with zero momentum, this is enough to ensures the absence of IR divergences. For O 3 , all loop corrections to the vertex function (see Fig. A.1 ) vanish. The kineticenergy vertices contain no Dirac matrices, and we may take 1 4 of the trace on the light-quark line; this yields k α at the vertex, and the gluon propagator with insertions is transverse. There is one more contribution [10] , which we have to take into account. The matrix element F of should be multiplied by the heavy-quark wave-function renormalization Z 1/2 h , which contains a kineticenergy contribution. This contribution is known to have an UV renormalon ambiguity [10] 
thus giving −(3/4)(∆Λ/m)F as the ambiguity of the matrix element of O 3 . This must be equal to F · ∆G k /(2m), and we recover the first result in (3.20) .
For O 4 , a straightforward calculation of the diagram similar to the first one in Fig. A.1 gives the bare matrix element of the usual form (see [11, 10] ) 
The renormalization-group invariant matrix element has the form (2.25) with µ 0 = −2ωe −5/6 and
Taking the residue at the pole u = 
B The perturbative series for m/m
The ratio of the on-shell mass m and the renormalization-group invariant MS massm is the series
Using the relation [41, 39] 4 between m andm(m) (omitting the m c effect known at two loops [41] ) together with the 4-loop β-function [43] and the mass anomalous dimension [44, 45] , as well as [46, 47] 
we obtain
, where a 4 = Li 4 1 2
, and
(see notations in [43, 45] ). For SU(N c ) with
C Renormalization of dimension-4 operators
As discussed in [31] , three operators The anomalous dimensions γ a,b has been calculated in [31] with the two-loop accuracy (they are called γ 2,4 in this paper):
The finite parts, at the next-to-leading order, are As discussed in [32] , two operators The anomalous dimensions γ m 1,2 has been calculated in [32] with the two-loop accuracy (they are called γ 
